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1. Introduction
Given a real or complex Banach space X , we write BX , S X , X∗ and L(X) to denote, respectively, the closed unit ball, the
unit sphere, the topological dual and the Banach algebra of bounded linear operators on X . T denotes the set of modulus
one scalars. For a bounded subset A of X , x∗ ∈ S X∗ and ε > 0, we write S(A, x∗, ε) to denote the open slice
S
(
A, x∗, ε
)= {x ∈ S X : Re x∗(x) > supRe x∗(A) − ε}.
If B is a subset of X , we write aconv(B) for the absolutely convex hull of B . Finally, we denote by ext(C) the set of extreme
points of the convex subset C ⊂ X .
Deﬁnition 1.1. (See [4, Deﬁnition 2.1].) A Banach space X is lush if for every x, y ∈ S X and every ε > 0, there is a slice
S = S(BX , x∗, ε) with x∗ ∈ S X∗ such that
x ∈ S and dist(y,aconv(S))< ε.
Lushness was recently introduced in [4] as a geometrical property of a Banach space which ensures that the space has
numerical index one. We recall that a Banach space X is said to have numerical index one if the equality
‖T‖ = sup{∣∣x∗(T x)∣∣: x ∈ S X , x∗ ∈ S X∗ , x∗(x) = 1}
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16 V. Kadets et al. / J. Math. Anal. Appl. 357 (2009) 15–24holds for every operator T ∈ L(X) or, equivalently (see [7]), for every operator T ∈ L(X) there is ω ∈ T such that
‖Id+ ωT‖ = 1+ ‖T‖.
We refer the reader to the survey paper [9] for more information and background on numerical index.
Lushness was used in [4] to show that there is a Banach space having numerical index one whose dual space does
not share this property, a long standing open question in the theory of numerical indices. It has been also used recently
to construct a Banach space whose Lie-algebra is trivial but the Lie-algebra of its dual is inﬁnite-dimensional [15]. Also,
lushness helps to estimate the polynomial numerical index of some spaces in [6,13] and it allows to show that every
separable Banach space containing c0 can be equivalently renormed to have numerical index one [3]. Some examples of
lush spaces are L1(μ)-spaces and their isometric preduals, including C(K ) spaces, function algebras and ﬁnite-codimensional
subspaces of C[0,1]. For more information and background on lush spaces we refer the reader to the already cited [4] and
to [3,8].
The concept of numerical index one is diﬃcult to manage, since its deﬁnition needs to deal with all operators on the
space and we do not know of any geometrical characterization. There are in the literature several geometrical suﬃcient
conditions for numerical index one, the weakest of all of them is lushness (see [3, §2] and [8, §1] for a detailed account).
Among the advantages of the concept of lushness is that it is separably determined, stable by ultraproduct and stable by
taking “reasonable” ﬁnite unconditional sums [3], and it is not known whether these results are true for Banach spaces with
numerical index one. It is known that lushness is equivalent to numerical index one for Asplund spaces and for spaces with
the Radon–Nikodým property (see [3, §2]) and, even more, for the so-called slicely countably determined Banach spaces [1],
a class of spaces recently introduced which includes spaces not containing a copy of 1.
It has been asked in [9, Problem 15] whether every Banach space with numerical index one is lush. The main result of
this paper is to show that this is not the case. Actually, we provide an example of a Banach space X which is not lush,
but whose dual space is lush. Since when the dual space has numerical index one so does the space, the same example
shows that lushness is not equivalent to numerical index one. This is the content of Section 4. To do so, we characterize in
Section 3 a family of quotient spaces of L1(μ) which are lush. Finally, some new results on C-rich subspaces of (scalar or
vector-valued) C(K ) spaces are also obtained. Namely, in Section 5 we show that if E is a lush space, then C(K , E) is lush
in both real and complex cases and, in the real case, the same is true for every C-rich subspace of C(K , E); in Section 6 we
show that a subspace X of a real C(K ) space with K perfect is C-rich if (and only if) every subspace of C(K ) containing X
is lush.
We start our exposition with some characterizations of lushness collected in Section 2.
2. On some reformulations of lushness
The ﬁrst result we are going to present is a slight modiﬁcation of [3, Theorem 4.1] and gives a reformulation of lushness
only in terms of the space. The modiﬁcation follows from the immediate idea that in the deﬁnition of lushness (Deﬁni-
tion 1.1) nothing changes if we allow y to be in the unit ball instead of being in the unit sphere. We recall that a subset G
of the unit ball of the dual of a Banach space X is said to be norming for X if ‖x‖ = sup{|φ(x)|: φ ∈ G} for every x ∈ X and
G is rounded if TG = G .
Proposition 2.1. Let X be a Banach space and G ⊂ S X∗ be a norming rounded subset. Then, the following are equivalent:
(i) X is lush.
(ii)R In the real case: for every x ∈ S X , y ∈ BX and ε > 0, there exist λ1, λ2  0, λ1 + λ2 = 1 and x1, x2 ∈ BX such that
‖x+ x1 + x2‖ > 3− ε
and ∥∥y − (λ1x1 − λ2x2)∥∥< ε.
(ii)C In the complex case: For every x ∈ S X , y ∈ BX , n ∈ N and ε > 0, there exist λ1, . . . , λn  0,∑nk=1 λk = 1 and x1, . . . , xn ∈ BX
such that∥∥∥∥∥x+
n∑
k=1
xk
∥∥∥∥∥> n+ 1− ε
and ∥∥∥∥∥y −
n∑
k=1
λk exp
(
2π ik
n
)
xk
∥∥∥∥∥< ε + 2πn .
(iii) For every x ∈ S X , y ∈ BX and for every ε > 0, there is x∗ ∈ G such that x ∈ S = S(BX , x∗, ε) and dist(y,aconv(S)) < ε.
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of course, dist(αy,aconv(S)) < ε for every α ∈ [0,1], i.e. from the very beginning we could take an arbitrary y ∈ BX instead
of y ∈ S X . With this in mind, we can follow the proof of [3, Theorem 4.1] to show that we can also take y ∈ BX in the
assertions (ii)R , (ii)C and (iii). This is exactly our statement. 
In the separable case, it is possible to give another characterization of lushness only in terms of the dual space. Let us
comment that it is an easy reformulation of [8, Theorem 4.3].
Proposition 2.2. For a separable Banach space X, the following are equivalent:
(i) X is lush.
(ii) There is a norming subset K˜ ⊂ ext(BX∗) such that for every x∗1 ∈ K˜ and for every x∗2 ∈ S X∗ there is θ ∈ T such that ‖x∗1+θx∗2‖ = 2.
Proof. By [14, Theorem 2.1] the property of K˜ in condition (ii) is equivalent to∣∣x∗∗(x∗)∣∣= 1 (x∗∗ ∈ ext(BX∗∗), x∗ ∈ K˜ ).
Now, that separable lush spaces fulﬁll this condition is exactly what was proved in [8, Theorem 4.3] and the reversed result
follows from [3, Theorem 2.1]. 
Let us ﬁnish the section with another reformulation of lushness only valid in the real case which appeared in [9, p. 164]
without proof. We do not know of any complex analogue of this result.
Proposition 2.3. Let X be a real Banach space. Then, the following are equivalent:
(i) X is lush,
(ii) for every x ∈ S X , y ∈ BX and every ε > 0, there are z ∈ S X , γ1, γ2 ∈R with |γ1 − γ2| = 2, such that
‖x+ z‖ 2− ε and ‖y + γi z‖ 1+ ε (i = 1,2).
Proof. (i) ⇒ (ii) Given x ∈ S X , y ∈ BX and ε > 0, we use the deﬁnition of lushness (actually Proposition 2.1) to take x∗ ∈ S X∗ ,
λ ∈ [0,1], and x1, x2 ∈ S(BX , x∗, ε/3) satisfying
x∗(x) > 1− ε
3
and
∥∥y − (λx1 − (1− λ)x2)∥∥< ε
3
.
Now, it is easy to check that z = x1+x2‖x1+x2‖ , γ1 = 2− 2λ, and γ2 = −2λ fulﬁll the desired conditions.
(ii) ⇒ (i) Fixed x ∈ S X , y ∈ BX and 0 < ε < 1, we take 0 < δ < ε/2 satisfying 1−3δ1+δ > 1 − ε. By hypothesis, we may ﬁnd
γ1, γ2 ∈R and z ∈ S X such that |γ1 − γ2| = 2,
‖x+ z‖ 2− δ, ‖y + γ1z‖ 1+ δ and ‖y + γ2z‖ 1+ δ.
Then, there is x∗ ∈ S X∗ satisfying x∗(x+ z) 2− δ, so
x∗(x) 1− δ and x∗(z) 1− δ, (1)
hence x ∈ S(BX , x∗, ε). On the other hand, using the fact that ‖y + γ1z − γ2z − y‖ = 2, we obtain
1− δ  ‖y + γ1z‖ 1+ δ and 1− δ  ‖y + γ2z‖ 1+ δ.
We deﬁne
x1 = y + γ1z‖y + γ1z‖ and x2 =
−y − γ2z
‖y + γ2z‖
and, using (1) and the fact that ‖y + γ1z‖x1 + ‖y + γ2z‖x2 = 2z, we deduce that
‖y + γ1z‖x∗(x1) + ‖y + γ2z‖x∗(x2) = 2x∗(z) 2− 2δ,
which implies
x∗(x1)
1− 3δ
1+ δ and x
∗(x2)
1− 3δ
1+ δ
and, therefore, x1, x2 ∈ S(BX , x∗, ε).
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(−γ2
2
x1 − γ1
2
x2
)∥∥∥∥=
∥∥∥∥−γ22 (y + γ1z) + γ12 (y + γ2z) − −γ22 x1 + γ12 x2
∥∥∥∥
 −γ2
2
∣∣1− ‖y + γ1z‖∣∣+ γ1
2
∣∣1− ‖y + γ2z‖∣∣< δ < ε,
and analogously if γ1 < 0 and γ2 > 0. Otherwise, there is i ∈ {1,2} such that |γi | δ and then∥∥y − (−1)i xi∥∥ ∣∣1− ‖y + γi z‖∣∣+ δ  2δ < ε. 
3. Lushness for some quotient spaces of L1(μ)
The aim of this section is to characterize some quotient spaces of L1(μ) which are lush. The construction uses duality
argument, so we start with some statements about L∞(μ).
We recall that a subspace X of a C(K ) space is said to be C-rich [4, Deﬁnition 2.3] if for every nonempty open subset
U of K and every ε > 0, there is a positive function h ∈ C(K ) of norm 1 with support inside U such that the distance
from h to X is less than ε. It follows from [2, Proposition 4.2] (and in the real case for K = [0,1] it was proved in [10,
Lemma 1.4.]), that the positivity of the function h in this deﬁnition can be omitted. A C-rich subspace of C(K ) is necessarily
lush [4, Theorem 2.4].
Considering an L∞(Ω,Σ,μ) space as a C(Kμ) space (where Kμ is the space of maximal ideals of the Banach algebra
L∞), the above deﬁnition applies to subspaces of L∞(Ω,Σ,μ). The following easy lemma gives a characterization of C-
richness of a subspace of L∞(Ω,Σ,μ) in terms of the L∞ space itself.
Lemma 3.1. Let (Ω,Σ,μ) be a measure space and let X be a subspace of L∞(Ω,Σ,μ) ∼= C(Kμ). If for every subset U ∈ Σ+ and
every ε > 0 there is a function h ∈ L∞(Ω,Σ,μ) of norm 1 with supp(h) ⊂ U and dist(h, X) < ε, then X is C-rich.
Proof. Observe that C-richness in C(Kμ) requires to ﬁnd, for each open subset U of Kμ , a certain continuous function with
support inside U , and the condition of the lemma only requires this for clopen subsets (this follows from the construction
of Kμ). Since Kμ is extremally disconnected, each non-void open set contains a non-void clopen set, which proves the
lemma. 
Recall that ext(BL∞(Ω,Σ,μ)) is the set of measurable functions on Ω which take almost everywhere modulus-one values.
We call such functions “modulus-one functions.”
We are now able to present the main result of this section.
Theorem 3.2. Let (Ω,Σ,μ) be a ﬁnite measure space such that L1 := L1(Ω,Σ,μ) is separable and consider L∞ := L∞(Ω,Σ,μ)
as the dual space for L1 . Let Y ⊂ L1 be a subspace whose annihilator Y⊥ is C-rich in L∞ . Then, X = L1/Y is lush if and only if
G = Y⊥ ∩ ext(BL∞) is a norming subset of S X∗ for X .
Proof. Let us ﬁrst observe that X is separable since L1 is. Now, if G is a norming subset of S X∗ , then K˜ = G evidently
satisﬁes condition (ii) of Proposition 2.2 and X is lush. Conversely, suppose X is lush and let K˜ ⊂ X∗ = Y⊥ be the norming
subset from Proposition 2.2(ii). Let us prove for every f ∈ K˜ the condition | f | = 1 a.e., which will ensure that G ⊃ K˜ and,
consequently, that G is norming for X . Assume to the contrary that for some f ∈ K˜ there exists ε > 0 such that the set
A = {t ∈ Ω: | f (t)| < 1− ε} has positive measure. Since Y⊥ is C-rich in L∞ , there is g ∈ SY⊥ such that |g(t)| < ε for almost
every t ∈ Ω \ A. Then, the set
{
t ∈ Ω: ∣∣ f (t)∣∣+ ∣∣g(t)∣∣> 2− ε}
has measure zero and, therefore, ‖ f + θ g‖ < 2− ε for every θ ∈ T, which contradicts the deﬁnition of K˜ . 
4. The main example
Let us present the announced construction of a non-lush space whose dual is lush.
Consider Ω = [0,2] equipped with the standard Lebesgue measure. Introduce a partition Ω =⊔∞n=0 n into subsets of
positive measure with 0 = [0,1]. We consider all L∞(n) (in the natural way) as subspaces of L∞[0,2]. We denote by F
the subspace of L∞[1,2], consisting of the functions satisfying the condition∫
n
f dλ = 0 (n ∈N).
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J (g) =
∑
m∈N
( ∫
[0,1]
g fm dλ
)
1m
(
g ∈ L∞[0,1]
)
.
Observe that for every g ∈ L∞[0,1] one has
∥∥ J (g)∥∥= sup
m∈N
∣∣∣∣
∫
[0,1]
g fm dλ
∣∣∣∣= ‖g‖L2[0,1],
so J is a weakly compact operator mapping every modulus-one function from L∞[0,1] into a norm-one element of L∞[1,2].
Finally, denote
Z = {g + 2 J (g) + f : g ∈ L∞[0,1], f ∈ F}.
Theorem 4.1. Z is a weak∗-closed C-rich subspace of L∞[0,2], which does not contain any modulus-one function. Consequently, for
Y = ⊥Z ⊂ L1[0,2], the quotient X = L1[0,2]/Y is a Banach space which is not lush, but whose dual X ∗ = Z is lush.
Proof. At ﬁrst remark that Z can be written as the set of those h ∈ L∞[0,2], for which the system of linear equations
2
∫
[0,1]
hfm dλ = 1
λ(m)
∫
m
hdλ (m ∈N)
is valid. Since the left-hand and right-hand sides of all these equations are weak∗ continuous, the solution of the system is
a weak∗-closed linear subspace.
To demonstrate C-richness of Z , let us ﬁx a subset A ⊂ [0,2] of positive measure and ε > 0. There are two (not mutually
excluding) cases.
Case 1. λ(A ∩ [0,1]) > 0. Then, since J is a weakly compact operator, its restriction on L∞(A ∩ [0,1]) is also weakly
compact, so for every ε > 0 there is a g ∈ SL∞(A∩[0,1]) with ‖ J g‖ < ε/2, so an element g + 2 J (g) ∈ Z is the element whose
distance from g is less than ε.
Case 2. λ(A ∩ [1,2]) > 0. In this case there is n ∈N for which λ(A ∩ n) > 0. One can evidently ﬁnd f ∈ SL∞(A∩n) with∫
n
f dλ = 0. Then, we have f ∈ F ⊂ Z and supp( f ) ⊂ A, which completes the proof of C-richness.
Finally, assume for the sake of contradiction that Z contains a modulus-one function h = g + 2 J (g) + f where
g ∈ L∞[0,1] and f ∈ F . Since the supports of J (g) and f lie in [1,2], g is a modulus-one function on [0,1]. By deﬁ-
nition of J , this means that
sup
n
∣∣∣∣ 1λ(n)
∫
n
J (g)dλ
∣∣∣∣= ∥∥ J (g)∥∥= 1,
so there is an n ∈N for which
1
λ(n)
∣∣∣∣
∫
n
J (g)dλ
∣∣∣∣> 12 .
Consequently,
1= ‖h‖ 1
λ(n)
∣∣∣∣
∫
n
2 J (g)dλ
∣∣∣∣> 1,
which is a contradiction. This shows, using Theorem 3.2, that X is not lush.
Finally, X ∗ = Z is C-rich in L∞[0,2] and so lush by [4, Theorem 2.4]. 
We now enunciate other properties of the space X constructed in the above theorem.
Remarks 4.2. Let X be the space constructed in Theorem 4.1.
(a) X has numerical index one but it is not lush. This solves in the negative [9, Problem 15]. Indeed, since X ∗ is lush, it follows
that X ∗ has numerical index one [4, Proposition 2.1] and so does X (see [9, §2], for instance).
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the subset of SE∗ given by
A(E) = {x∗ ∈ SE∗ : ∣∣x∗∗(x∗)∣∣= 1 for every x∗∗ ∈ ext(BE∗∗ )}
is norming for E . Since this condition implies lushness of E [3, Theorem 2.1], we have that A(X ) is not norming and our
space X answers in the negative the cited question.
(c) Even more, the set A(X ) is empty. Indeed, if x∗ ∈ A(X ), it is clear (using the Krein–Milman theorem for BX∗∗ ) that for
every y∗ ∈ SX ∗ there is θ ∈ T such that ‖x∗ + θ y∗‖ = 2 (see [14, Theorem 2.1] for instance). Now, since X ∗ = Z is a
C-rich subspace of L∞[0,2], it follows that x∗ is a modulus-one function on [0,2] (see the proof of Theorem 3.2). But
Z does not contain any of such functions as it is proved in Theorem 4.1.
Let X be a Banach space. We have shown here that lushness of X∗ does not imply lushness of X . Also, lushness of X
does not imply lushness of X∗ nor lushness of X∗∗ (just consider X as the lush space presented in [3, Example 3.1] such that
X∗ and X∗∗ do not have numerical index one). Therefore, the following result gives the unique true implication between
the lushness of a space and lushness of the dual or of the bidual.
Proposition 4.3. Let X be a Banach space. If X∗∗ is lush, then X is lush.
Proof. We ﬁx x, y ∈ S X and ε > 0. Since X∗∗ is lush and S X∗ ⊂ S X∗∗∗ is norming for X∗∗ , Proposition 2.1(iii) allows us to
ﬁnd z∗ ∈ S X∗ such that
x ∈ S(BX∗∗ , z∗, ε) and dist(y,aconv(S(BX∗∗ , z∗, ε)))< ε.
The ﬁrst assertion above obviously implies that x ∈ S(BX , z∗, ε). The second assertion is equivalent to
y ∈ aconv(S(BX∗∗ , z∗, ε))+ εBX∗∗
and so, since aconv(S(BX , z∗, ε)) is weak∗-dense in aconv(S(BX∗∗ , z∗, ε)) and εBX is weak∗-dense in εBX∗∗ , we have
y ∈ aconv(S(BX , z∗, ε))+ εBX w∗ .
Since y ∈ X , we can replace the weak∗-closure above by weak closure, and so by norm closure by convexity, to get
dist
(
y,aconv
(
S
(
BX , z
∗, ε
)))
< ε. 
5. Lushness in vector-valued C(K ) spaces
Our ﬁrst goal in this section is to show that lushness of the range space passes to every space of continuous functions.
Let us comment that this result is known for Banach spaces with numerical index one [16, Theorem 5].
Proposition 5.1. Let E be a lush Banach space and K be a Hausdorff compact. Then, the (real or complex) space C(K , E) is also lush.
Proof. We work only in the more diﬃcult complex case, the real case being completely analogous. According to Proposi-
tion 2.1, it is enough to show that for every f ∈ SC(K ,E) , g ∈ BC(K ,E) , n ∈N and ε > 0, there exist λ1, . . . , λn  0, ∑nk=1 λk = 1
and f1, . . . , fn ∈ BC(K ,E) such that:∥∥∥∥∥ f +
n∑
k=1
fk
∥∥∥∥∥> n+ 1− ε, (2)∥∥∥∥∥g −
n∑
k=1
λk exp
(
2π ik
n
)
fk
∥∥∥∥∥ ε + 2πn . (3)
Since ‖ f ‖ = 1, we can ﬁnd t0 ∈ K such that ‖ f (t0)‖ = 1. So, we apply again Proposition 2.1 to x = f (t0) ∈ SE and y =
g(t0) ∈ BE . Then, we get x1, . . . , xn ∈ BE and λ1, . . . , λn  0, ∑nk=1 λk = 1, such that∥∥∥∥∥ f (t0) +
n∑
k=1
xk
∥∥∥∥∥> n+ 1− ε,
∥∥∥∥∥g(t0) −
n∑
k=1
λk exp
(
2π ik
n
)
xk
∥∥∥∥∥ ε2 + 2πn .
Since g is continuous on K , we may ﬁnd an open set U ⊂ K such that t0 ∈ U and∥∥g(t) − g(t0)∥∥ ε (t ∈ U ),2
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fk(t) = xk + α(t)
(
exp
(−2π ik
n
)
g(t) − xk
)
∈ BC(K ,E) (t ∈ K , k = 1, . . . ,n),
then the functions fk satisfy conditions (2) and (3). Indeed, the fulﬁllment of (2) follows by just evaluating at t0. For the
second inequality, we consider an arbitrary t ∈ K and we observe that∥∥∥∥∥g(t) −
n∑
k=1
λk exp
(
2π ik
n
)
fk(t)
∥∥∥∥∥=
∥∥∥∥∥(1− α(t))
(
g(t) −
n∑
k=1
λk exp
(
2π ik
n
)
xk
)∥∥∥∥∥.
Now, if t ∈ U , we have ‖g(t) − g(t0)‖ ε2 and so∥∥∥∥∥g(t) −
n∑
k=1
λk exp
(
2π ik
n
)
fk(t)
∥∥∥∥∥ ∥∥g(t) − g(t0)∥∥+
∥∥∥∥∥g(t0) −
n∑
k=1
λk exp
(
2π ik
n
)
xk
∥∥∥∥∥ ε + 2πn .
If, otherwise, t /∈ U , then α(t) = 1 and so g(t) −∑nk=1 λk exp( 2π ikn ) fk(t) = 0. 
The following deﬁnition follows the spirit of [2, Proposition 4.2] and it was stated in [5, Deﬁnition 2.3]. Recall that for
α ∈ C(K ) and x ∈ E , α ⊗ x ∈ C(K , E) denotes the function t −→ α(t)x.
Deﬁnition 5.2. Let K be a compact space and let E be a Banach space. A subspace X of C(K , E) is called C-rich if for
every ε > 0, every x ∈ E and every open subset U of K , there exists a nonnegative function α ∈ C(K ) with ‖α‖ = 1 and
supp(α) ⊂ U such that dist(α ⊗ x, X) < ε.
The next result shows that C-rich subspaces are lush also in the vector-valued case. Since we will use Proposition 2.3,
the proof is valid in the real case only.
Proposition 5.3. Let E be a real lush Banach space and let K be a Hausdorff compact space. Then, every C-rich subspace X of C(K , E)
is also lush.
Proof. We ﬁx f ∈ S X , g ∈ BX and 0 < ε < 1, and we ﬁnd t0 ∈ K such that ‖ f (t0)‖ = 1. Since E is lush, we may use
Proposition 2.3 to ﬁnd z ∈ S X , γ1, γ2 ∈R with |γ1 − γ2| = 2 such that∥∥ f (t0) + z∥∥ 2− ε/5 and ∥∥g(t0) + γi z∥∥ 1+ ε/5.
We also take an open subset U of K containing t0 such that∥∥ f (t1) − f (t2)∥∥< ε/5, ∥∥g(t1) − g(t2)∥∥< ε/5 (t1, t2 ∈ U ).
As X is C-rich, we may ﬁnd a nonnegative norm-one α ∈ C(K ) and h ∈ S X such that
supp(α) ⊂ U and ‖h − α ⊗ z‖ < ε/5.
Let us show that h, γ1 and γ2 fulﬁll the conditions of Proposition 2.3, i.e.
‖ f + h‖ 2− ε and ‖g + γih‖ 1+ ε (i = 1,2).
Indeed, for the ﬁrst inequality we take t1 ∈ U such that α(t1) = 1 and observe that
‖ f + h‖ ∥∥ f (t1) + h(t1)∥∥ ∥∥ f (t0) + z∥∥− ∥∥ f (t0) − f (t1)∥∥− ∥∥h(t1) − z∥∥ 2− ε.
To deal with the second inequality, we observe that∥∥g(t) + γih(t)∥∥ ∥∥g(t) + γiα(t)z∥∥+ |γi |∥∥α(t)z − h∥∥ ∥∥g(t) + γiα(t)z∥∥+ 3ε/5.
If t /∈ U , α(t) = 0 and so ‖g(t) + γih(t)‖ 1+ 3ε/5 1+ ε. If t ∈ U , we have∥∥g(t) + γiα(t)z∥∥ ∥∥g(t) − g(t0)∥∥+ ∥∥g(t0) + γiα(t)z∥∥ 1+ 2ε/5,
since g(t0) + γiα(t)z = (1− α(t))g(t0) + α(t)(g(t0) + γi z) ∈ (1+ ε/5)BX . Then,∥∥g(t) + γih(t)∥∥ 1+ 2ε/5+ 3ε/5 = 1+ ε. 
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In [12] a general notion of richness, generated by the Daugavet property was introduced. We recall that a Banach space
X has the Daugavet property whenever ‖Id+ T‖ = 1+‖T‖ for every rank-one operator T ∈ L(X) [11]. If X is a Banach space
with the Daugavet property, we say that a subspace Y of X is said to be wealthy if every subspace Z ⊂ X containing Y has
the Daugavet property. This concept was introduced in [12, §5] and it is equivalent to a concept of richness also introduced
in the same paper [12, §5]. It is shown in [12] that all ﬁnite-codimensional subspaces of a space X with the Daugavet
property are wealthy, and moreover, if X/Y does not contain copies of 1, or if X/Y has the RNP, then Y is wealthy. If K is
a perfect compact space, wealth is equivalent to C-richness for subspaces of C(K ) [12].
Following these ideas, one can introduce an analogous concept for lushness.
Deﬁnition 6.1. Let X be a lush Banach space. A subspace Y of X is said to be lush-wealthy if every subspace Z ⊂ X containing
Y is lush.
The aim of this section is to show that for subspaces of real C(K ) spaces with K perfect, lush-wealth is equivalent to
C-richness. The proof of this result uses Proposition 2.3 which is only valid for real Banach spaces.
Theorem 6.2. Let K be a perfect compact space and let Y be a subspace of the real space C(K ). Then, Y is C-rich if and only if Y is
lush-wealthy.
We need the following preliminary result. We write S1 = {(α,β) ∈R2: α2 + β2 = 1}.
Lemma 6.3. Let K be a perfect compact space and let V be an open subset.
(a) There is φ : K −→ S1 surjective and continuous such that φ(K \ V ) = {(1,0)}.
(b) Therefore, if we write φ(t) = ( f (t), g(t)) for every t ∈ K , then f , g ∈ C(K ) satisfy:
(b1) ‖(α f + βg)|V ‖ = ‖α f + βg‖ = (α2 + β2)1/2 for every α,β ∈R;
(b2) ‖(α f + βg + c1)|V ‖ = (α2 + β2)1/2 + |c| for every α,β, c ∈R;
(b3) g|K\V ≡ 0 and f |K\V ≡ 1.
Proof. (a) If V is clopen in K , then it is a perfect compact space and so there is an onto continuous function ψ : V −→ S1
(see [17, Theorem 8.5.4]) and we may deﬁne φ to be φ|V = ψ and φ|K\V = (1,0). Otherwise, V is not closed and so
the quotient space K˜ of K obtained by identifying all points of K \ V is perfect and we may ﬁnd ψ : K˜ −→ S1 onto and
continuous and, rotating if needed, we may suppose that K \ V is mapped to the point (1,0). Now, φ is just the composition
of the quotient map K −→ K˜ and ψ .
(b) Since φ(V ) = S1 and [α f +βg](t) = ((α,β) | ( f (t), g(t))) for every t ∈ K and every α,β ∈R, assertions (b1) and (b2)
follow easily. The fulﬁllment of (b3) is straightforward. 
Proof of Theorem 6.2. If Y is C-rich, then evidently every superspace Z of Y is also C-rich and so lush by [4, Theorem 2.4].
Conversely, we assume that Y is lush-wealthy and we start with the following claim.
Claim. Given ε > 0 and an open set V ⊂ K , we can ﬁnd c ∈R and y ∈ Y so that∣∣y(t) + c∣∣ ε (t ∈ K \ V ) and ∥∥(y + c1)|V ∥∥ 1+ ε.
Proof. We use Lemma 6.3 to get f , g ∈ C(K ) fulﬁlling (b1)–(b3), and we consider the space X = lin{Y , f , g} which is lush
by hypothesis. Therefore, ﬁxed δ > 0 such that
0 < δ <
1
1000
and 100(1+ ε)δ < ε, (4)
we may use Proposition 2.3 to get that there exist h ∈ S X and γ1, γ2 ∈R such that
‖h + g‖ > 2− δ2, ‖ f + γ1h‖ < 1+ δ2, ‖ f + γ2h‖ < 1+ δ2, and |γ1 − γ2| = 2. (5)
Since g|K\V ≡ 0, there is t0 ∈ V satisfying |g(t0) + h(t0)| > 2− δ2 and so∣∣g(t0)∣∣> 1− δ2 and ∣∣h(t0)∣∣> 1− δ2.
Next, we observe that (b1) gives us that ‖g ± δ f ‖ = (1+ δ2)1/2 and, therefore,(
1+ δ2)1/2  ∣∣g(t0)∣∣+ δ∣∣ f (t0)∣∣ (1− δ2)+ δ∣∣ f (t0)∣∣
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∣∣ f (t0)∣∣ (1+ δ2)1/2 − (1− δ2)
δ
< 2δ.
This, together with (5), tells us that
1+ δ2 > ∣∣h(t0)∣∣|γi | − ∣∣ f (t0)∣∣> (1− δ2)|γi | − 2δ (i = 1,2)
so we obtain |γi | < 1+δ1−δ < 1+ 3δ for i = 1,2 and, using the fact that |γ1 − γ2| = 2, we deduce that
|γ1|, |γ2| ∈ [1− 3δ,1+ 3δ] and γ1γ2 < 0.
Using this and (5) again, we get
‖ f − h‖ 1+ δ2 + 3δ  1+ 4δ and ‖ f + h‖ 1+ 4δ. (6)
Therefore, given t ∈ K \ V , we have that
1+ ∣∣h(t)∣∣= ∣∣ f (t)∣∣+ ∣∣h(t)∣∣ 1+ 4δ
which implies |h(t)| 4δ. Since h ∈ X , there exist α,β ∈R and x ∈ Y satisfying h = x+ α f + βg , and thus∣∣x(t) + α∣∣ 4δ (t ∈ K \ V ).
Henceforth, if we show that
∥∥(x+ α1)|V ∥∥> 1
25
(7)
the proof of the claim will be ﬁnished by just taking
y = 25(1+ ε)x and c = 25(1+ ε)α.
In order to prove (7), we ﬁrst observe that, by (b2), we have(
α2 + β2)1/2  ∥∥(α f + βg − α1)|V ∥∥ ‖h|V ‖ + ∥∥(x+ α1)|V ∥∥= 1+ ∥∥(x+ α1)|V ∥∥ (8)
and
1= ‖h|V ‖
∥∥(x+ α1)|V ∥∥+ ‖α f + βg − α1‖ ∥∥(x+ α1)|V ∥∥+ 2(α2 + β2)1/2. (9)
We are now going to estimate the distance between ‖(x+ α1)|V ‖ and (α2 + β2)1/2. To do so, we call
G1 = (1+ α) f + βg − α1 and G2 = (1− α) f − βg + α1,
we observe that
f + h = G1 + x+ α1 and f − h = G2 − (x+ α1),
and we use (6) to get
2(1+ 4δ)2  ∥∥( f + h)|V ∥∥2 + ∥∥( f − h)|V ∥∥2

∣∣∥∥(x+ α1)|V ∥∥− ‖G1|V ‖∣∣2 + ∣∣∥∥(x+ α1)|V ∥∥− ‖G2|V ‖∣∣2
= 2∥∥(x+ α1)|V ∥∥2 − 2∥∥(x+ α1)|V ∥∥(‖G1|V ‖ + ‖G2|V ‖)+ ‖G1|V ‖2 + ‖G2|V ‖2.
Besides, using conditions (b1) and (b2) it is easy to show that
‖G1|V ‖ 1+ |α| +
(
α2 + β2)1/2  1+ 2(α2 + β2)1/2,
‖G2|V ‖ 1+ 2
(
α2 + β2)1/2, and ‖G1|V ‖2 + ‖G2|V ‖2  2+ 2(α2 + β2).
Hence, we deduce that
(1+ 4δ)2  ∥∥(x+ α1)|V ∥∥2 − 2∥∥(x+ α1)|V ∥∥(1+ 2(α2 + β2)1/2)+ 1+ α2 + β2
and, therefore,(∥∥(x+ α1)|V ∥∥− (α2 + β2)1/2)2  2∥∥(x+ α1)|V ∥∥(1+ (α2 + β2)1/2)+ 8δ + 16δ2
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Summarizing, if we write A = ‖(x+ α1)|V ‖ and B = (α2 + β2)1/2, we deduce from (4), (9) and the above equation that{
1 A + 2B,
(A − B)2  4A + 2A2 + 8δ + 16δ2
from where it is easy to deduce that A = ‖(x+ α1)|V ‖ > 125 , ﬁnishing the proof of the claim. 
To ﬁnish the proof, we ﬁx ε > 0 and an open set U ⊂ K , and we observe that it is enough to ﬁnd a function y ∈ SY with
‖y|U‖ = 1 and with modulus smaller than ε on K \U . To ﬁnd this function, we consider two open subsets V1, V2 contained
in U such that V1 ∩ V2 = ∅ and we use the claim to ﬁnd c1, c2 ∈R and y1, y2 ∈ Y satisfying∥∥(yi + ci1)|K\Vi∥∥ ε/2 and ∥∥(yi + ci1)|Vi∥∥ 1+ ε/2 (i = 1,2).
If either c1 = 0 or c2 = 0, then y1‖y1‖ or
y2‖y2‖ is the function we are looking for. Therefore, we may assume without loss of
generality that 0 < |c1| |c2| and we take the function y˜ = y1 − c1c2 y2 ∈ Y . Now, we have∣∣ y˜(t)∣∣ ∣∣y1(t) + c1∣∣+ |c1||c2|
∣∣y2(t) + c2∣∣ ε/2+ ε/2= ε (t ∈ K \ U )
and
‖ y˜|V1‖
∥∥(y1 + c11)|V1∥∥− |c1||c2|
∥∥(y2 + c21)|V1∥∥ 1+ ε/2− ε/2 = 1.
Therefore, ‖ y˜‖ ‖ y˜|V1‖ 1 and so the function y = y˜‖ y˜‖ ∈ SY satisﬁes
‖y|K\U‖ ‖ y˜|K\U‖ ε and ‖y|U‖ = 1. 
We would like to remark that, outside of this result, lush-wealth differs strongly from wealth. For example, one can show
that no one-codimensional subspace of L1[0,1] is lush (this is not trivial!), and so L1[0,1] does not have at all any proper
lush-wealthy subspace.
Acknowledgment
The authors thank the anonymous referee for several stylistical improvements.
References
[1] A. Avilés, V. Kadets, M. Martín, J. Merí, V. Shepelska, Slicely countably determined Banach spaces, Trans. Amer. Math. Soc., in press, available at http://
arxiv.org/abs/0809.2723.
[2] D. Bilik, V. Kadets, R. Shvidkoy, G. Sirotkin, D. Werner, The Daugavet property in vector-valued sup-normed spaces, Illinois J. Math. 46 (2002) 421–441.
[3] K. Boyko, V. Kadets, M. Martín, J. Merí, Properties of lush spaces and applications to Banach spaces with numerical index 1, Studia Math. 190 (2009)
117–133.
[4] K. Boyko, V. Kadets, M. Martín, D. Werner, Numerical index of Banach spaces and duality, Math. Proc. Cambridge Philos. Soc. 142 (2007) 93–102.
[5] Y.S. Choi, D. García, M. Maestre, M. Martín, The Daugavet equation for polynomials, Studia Math. 178 (2007) 63–82.
[6] Y.S. Choi, D. García, M. Maestre, M. Martín, The polynomial numerical index for some complex vector-valued function spaces, Q. J. Math. 59 (2008)
455–474.
[7] J. Duncan, C. McGregor, J. Pryce, A. White, The numerical index of a normed space, J. London Math. Soc. 2 (1970) 481–488.
[8] V. Kadets, M. Martín, J. Merí, R. Payá, Convexity and smoothness of Banach spaces with numerical index one, Illinois J. Math., in press, available at
http://arxiv.org/abs/0811.0808.
[9] V. Kadets, M. Martín, R. Payá, Recent progress and open questions on the numerical index of Banach spaces, Rev. R. Acad. Cienc. Ser. A Mat. 100 (2006)
155–182.
[10] V.M. Kadets, M.M. Popov, The Daugavet property for narrow operators in rich subspaces of C[0,1] and L1[0,1], St. Petersburg Math. J. 8 (1997)
571–584.
[11] V.M. Kadets, R.V. Shvidkoy, G.G. Sirotkin, D. Werner, Banach spaces with the Daugavet property, Trans. Amer. Math. Soc. 352 (2000) 855–873.
[12] V.M. Kadets, R.V. Shvidkoy, D. Werner, Narrow operators and rich subspaces of Banach spaces with the Daugavet property, Studia Math. 147 (2001)
269–298.
[13] S.G. Kim, M. Martín, J. Merí, On the polynomial numerical index of the real spaces c0, 1 and ∞ , J. Math. Anal. Appl. 337 (2008) 98–106.
[14] Å. Lima, Intersection properties of balls in spaces of compact operators, Ann. Inst. Fourier (Grenoble) 28 (1978) 35–65.
[15] M. Martín, The group of isometries of a Banach space and duality, J. Funct. Anal. 255 (2008) 2966–2976.
[16] M. Martín, R. Payá, Numerical index of vector-valued function spaces, Studia Math. 142 (2000) 269–280.
[17] Z. Semadeni, Banach Spaces of Continuous Functions, vol. I, Monogr. Mat., vol. 55, PWN-Polish Scientiﬁc Publishers, Warsaw, 1971.
